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Proof:Let S beanyn£n real symmetricmatrix.Write the identity
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When applying the triangle inequality of the norm to this identity,
and noting that k.P ¡ S/k D k.P ¡ S/T k (all through this Note,
k ¢ k symbolizes the Frobenius norm), one obtains

P ¡
P C P T

2
·

P ¡ S

2
C .P ¡ S/T

2
D kP ¡ Sk (3)

Then using Eq. (1) the latter result can be written as

kP ¡ Ps k · kP ¡ Sk (4)

Because S is any symmetric matrix, it follows that there is no sym-
metric matrix that is closer to P than Ps , and hence Ps D Pc .

The precedingproof is an algebraicone. Next we introducea new
calculus-basedproof. As before, let S be any real symmetric matrix.
De� ne J as kP ¡ Sk2; that is,

J D trf.P ¡ S/.P ¡ S/T g D trf.P ¡ S/.PT ¡ S/g (5)

We wish to � nd that S that is the closest to P . Let us express S as

S D Pc C "H (6)

where " is a scalar. When this expression for S is substituted into
Eq. (5), we obtain

J D tr
©
.P ¡ Pc ¡ "H /.PT ¡ Pc ¡ "H /

ª
(7)

A necessary condition for J to be minimum is

dJ
d"

­­­­
" D 0

D 0 (8)

where H is an n £ n symmetric matrix [imposed by Eq. (6)] chosen
such that this derivativeexistsbut otherwise is arbitrary.Application
of this condition to J of Eq. (7) yields
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Using the properties trfA C Bg D trfAg C trfBg and trfABg D
trfB Ag, we obtain, from Eq. (9),

tr
©¡

PT ¡ Pc C P ¡ Pc

¢
H

ª
D 0 (10)

Because this holds for any symmetric matrix H for which Eq. (8)
holds, the expression in parentheses must be zero. This yields

Pc D .P C P T /=2 D Ps (11)

It is easy to see that this is a point of minimum.
The result Pc D .P C PT /=2 is not at all surprising. To see

this, let pc;i; j be the i; j element of Pc, and similarly, let pi; j be the
i; j element of P . Obviously, the closest to the i;i element of P in
the symmetric matrix Pc is pi;i itself; that is, pc;i;i D pi;i , which is
identical to writing

pc;i;i D
pi;i C pi;i

2
(12)

Next we want to determine pc;i; j when i 6D j . Note that, for S D
Pc; J de� ned in Eq. (5) is equal to

nX

i D 1

nX

j D 1

.pi; j ¡ pc;i; j /
2

For each i and j , this sum includes the quantity d2 de� ned as
d2 D .pi; j ¡ pc; j;i /

2 C . pi; j ¡ pc; j;i /
2 , which is contributed by the

elements of the differencematrix 1 D .P ¡ Pc/ that are symmetric
about the diagonal of 1. Because Pc is symmetric, we can write

pc;i; j D pc; j;i D x . Because Pc is the symmetric matrix closest to
P; x minimizes d2. It is easy to show that d2 is minimal when

x D
pi; j C p j;i

2
(13)

Equations (12) and (13) express the fact that Pc is identical to Ps .

Conclusions
In this Note we pointed out that the symmetrized real matrix

is also the symmetric matrix that is the closest, in the Euclidean
norm, to the matrix being symmetrized. This implies that, when
symmetrizing the solutions to Riccati and Lyapunov equations, one
actually replaces the solution by its closest symmetric matrix. A
proofof this fact that followed a proofgiven in the literature in 1955
was presented.A new, calculus-based,proof was also introduced. It
was shown that this result can be obtained using simple rationale.
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Nomenclature
ax dem; ay dem; az dem = translational acceleration commands in

Earth/wind x; y, and z directions,
respectively

Fx ; Fy; Fz = body axis forces in x; y, and z directions,
respectively

g = gravity
m = aircraft mass
p; q; r = body axis roll, pitch, and yaw rate,

respectively
u; v; w = axial, lateral, and normal components of

aircraft velocity relative to the air,
respectively

Vbw = acceleration to velocity transformation
bandwidth

Received July 25, 1995; revision received July 10, 1997; accepted for
publicationSept. 3, 1997.Copyright c° 1997 by British Crown/DERA. Pub-
lished by the American Institute of Aeronautics and Astronautics, Inc., with
permission.

¤Senior Scientist, Flight Management and Control Department. Member
AIAA.

†Principal Scientist, Flight Management and Control Department. Mem-
ber AIAA.



180 J. GUIDANCE, VOL. 21, NO. 1: ENGINEERING NOTES

vx dem; vy dem; vz dem = translational velocity commands
in Earth/wind axes x; y, and z directions,
respectively

®; ¯ = angles of attack and sideslip, respectively
µ; Á; Ã = pitch, bank, and heading angles,

respectively (Euler angles)
µx z; µx y = thrust vector nozzle angles in (x-z)

and (x-y) planes, respectively

Subscripts

bw = bandwidth
E /W = Earth/wind axis

Introduction

T HE use of nonlinear dynamic inversion (NDI) for robust
� ight control law design has received considerable attention

recently.1¡4 This work exploits the potentialof NDI to provide ideal
control, without recourse to conventional design methods, to deter-
minewhata givenvehiclemightbecapableof inmaneuvertermsand
to investigate response requirements. The terms ideal control and
exact NDI are used to convey decoupled,high-bandwidth response
without useof implicit input/output linearization.The approachthus
concentrates on the use of NDI to provide a precise functional de-
scription of requirements and hence to minimize nugatory time at
the control law designstage.This approachwas previouslyexplored
by application to a � xed-wing, poststall aircraft.5

The exact NDI approach provides a fast prototyping tool for de-
velopinga detailedcontrol law designspeci� cation that can be taken
rapidly into real-time piloted simulation. The approach 1) enables
functional full-� ight envelopecontrol laws to be worked up, includ-
ing switching, blending, and logic strategies, with no investment
in conventional control law design; 2) determines control power
requirements for novel maneuvers or new con� gurations; 3) aids
assessment of aircraft maneuver characteristics in off-line and pi-
loted simulation; and 4) develops perfect control laws for use as
an absolute benchmark to measure how good a given control law
designed using conventionalmethods is.

Early work developed algorithms that provide ideal control of
rotationalaircraft motion by applicationof NDI pitch, roll, and yaw
moments to decouple angular body accelerations.2;5 These algo-
rithms have been matured considerablysince conceptionby a num-
ber of researchers to encompass the control of angular body rates,
body attitudes, angle of attack, sideslip, and velocity vector roll
responses.

This Note develops new NDI control laws for the translational
modes required to maneuver vertical/short takeoff and landing
(V/STOL) aircraft in the hover and in forward � ight. The dynamical
responsesthat areultimatelydecoupledandprescribedby these con-
trol laws are the aircrafttranslationalaccelerationsin bodyaxes.The
control laws determine the forces required to achieve commanded
translational accelerations, velocities, and position. The required
(x; y, z) forces are generated by three-dimensionalthrust vectoring
or by two-dimensional thrust vectoring in the x –z plane with lat-
eral translation controlled by bank angle. Algorithms that provide
forward and lateral translationmotion controlvia pitch and bank an-
gles are also presented.Application of the new translationalmotion
control laws is demonstratedusing off-line simulationof a V/STOL
aircraft.

Translation Motion Control Laws
This section develops NDI algorithms for perfectly decoupled

control of translation accelerations, velocities, and position via
three-dimensional/two-dimensionalthrust vectoringand aircraft at-
titudes. The algorithms require manipulationof the following body
axis equations of motion for translational accelerations of a rigid
aircraft6:
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To derivethe controllaws, the translationalmotion commandsare
� rst transformedfrom the axis system appropriatefor forward � ight
and hover to the body axis reference frame. Then, simple reordering
of Eq. (1) is performed to de� ne the force that must be applied to
each axis to achieve commanded translational accelerations.

Acceleration/Velocity Control in Hover via Thrust Vectoring
Translational acceleration and velocity commands in hover are

expressed in the Earth axis reference frame. If Ã D 0, an Earth to
body axis transformation in Eq. (1) gives
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Equation (2) determines the total forces required to satisfy com-
mandedaccelerations.Velocity demands in hover are translatedinto
accelerationdemands using aEx dem D .vEx dem ¡ vx /Vbw. Control of
commandedvelocitiesis obtainedby feedingapproximatedacceler-
ationsaEx dem into the accelerationcontrol law of Eq. (2). If required,
each matrix row of Eq. (2) can be used independently and mixed
with different response types in other axes.

Acceleration/Velocity Control in Forward Flight
via Thrust Vectoring

For the aircraft in forward � ight, translational accelerations and
speedrelativeto the � ightpathare considered.Commandsexpressed
in wind axes are transformed to body axes:
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Flight-path speed control is achieved by translation to acceleration
using aW dem D .vW dem ¡ vW /Vbw. For modest angles of attack and
sideslip, Fx would be met by thrust (or airbrake), whereas the gen-
eration of Fy and Fz would require direct side force and lift control,
respectively.

Three-Dimensional and Two-Dimensional Thrust Vectoring
The total force acting on the aircraft in any one direction com-

prises contributionsfrom the body,wings, control surfaces, etc. (the
aerodynamic forces), and the engine, i.e., FTotal D Faero C Fengine .
Thus, for V/STOL aircraft with three-dimensional thrust vector-
ing, the total engine thrust and the demanded nozzle angles in
the x – y and x– z planes required to satisfy acceleration commands
are

ThrustTotal D
q

F 2
x engine C F 2

y engine C F 2
z engine

(4)

µx y D tan¡1

³
Fy engine

Fx engine

´
; µxz D tan¡1

³
Fz engine

Fx engine

´

For aircraft with two-dimensional thrust vectoring in the x –z
plane, translationalmotion control in all three axes requires the air-
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Fig. 1 Control of heave acceleration, forward velocity, and lateral velocity using two-dimensional thrust vectoring and attitudes.

craft to bank to generate the necessary side force. The commanded
total thrust and nozzle angle, respectively,are calculated using

ThrustTotal D
q

F 2
x engine C F2

z engine; µxz D arctan

³
F2

x engine

ThrustTotal

´

(5)

Acceleration/Velocity Control via Attitudes
These response types assume that thrust magnitude is variable,

whereas thrust direction is held constant. Translational control is
achieved by aligning the force and gravity components, using air-
craft attitudes, to produce the desired body forces in the (x; y, z)
directions.A rearrangementof Eq. (2) determines the pitch attitude
and bank angles corresponding to commanded body accelerations
to be

µ D arcsin

µ
m. Pudem C qw ¡ rv/ ¡ Fx

mg

¶

(6)

Á D arctan

µ
m. Pvdem C ru ¡ pw/ ¡ Fy

m. Pwdem C pv ¡ qu/ ¡ Fz

¶

The calculated attitudes are then fed into the rotational NDI control
laws described in Ref. 5.

Position Control
This is achieved by applying forces that produce velocities in

the direction of the commanded (x; y) position. For an aircraft at
position (x1; y1 ) and heading Ã , in an arbitrary Earth axis refer-
ence frame with origin (x0; y0), its bearing relative to the origin
is

Â D arcsin

"
y1 ¡ y0p

.x1 ¡ x0/2 C .y1 ¡ y0/2

#
(7)

The desired longitudinal and lateral displacements from the origin
are given by

sx dem D
p

.x1 ¡ x0/2 C .y1 ¡ y0/2 cos.Ã ¡ Â/

(8)

sy dem D
p

.x1 ¡ x0/2 C .y1 ¡ y0/2 cos.Ã ¡ Â/
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The x and y displacementsare transformedsuccessivelyinto veloc-
ity and then accelerationdemands and fed into Earth axis accelera-
tion response control laws to achieve the (x; y) position.

V/STOL Aircraft Responses
The translational motion control laws are applied to a V/STOL

aircraft using off-line simulation. The NDI forces and moments
are injected directly into the aircraft equations to achieve the
prescribed response.The aircraft is required to attain heave acceler-
ation aEz dem D 0:1 g and forward velocityvE x dem D 60 ft/s via two-
dimensional thrust vectoring in the x –z plane and lateral translation
rate vEy dem D ¡10 ft/s via bank angle from a 32-ft/s trim condition.
Figure 1 shows the time responsesof the aircraft to these commands
after 2 s of open-loop� ight from trim. The responses show accurate
achievement of the commands within 4–8 s. Some form of attitude
control must be applied to prevent the aircraft rolling, pitching, and
yawingduringtranslationmaneuvers.In this example,pitchattitude,
calculated using Eq. (6) and implemented as described in Ref. 5, is
set to be compatible with commanded translation to prevent the
aircraft pitching.

These commands are speci� cally chosen to demonstrate the abil-
ity to mix different response types in the three body-referenced
Earth axes. Response mixing requires NDI forces and moments to
work together compatibly.With velocity and attitude/position com-
mands, the authority of forces and moments can be controlled by
the choice of bandwidths. The bandwidths limit accelerations and
velocities and hence serve as a means of governing the degree of
control exercised by each response type.

Conclusions
This Note has presented and demonstrated nonlinear dynamic

inversion algorithms for translation motion control of V/STOL air-
craft using three-dimensionaland two-dimensionalthrust vectoring.
The use of the exact nonlinear dynamic inversionapproach as a fast
prototyping tool in control law design has been proposed. Further
research is examining the effects of actuation, sensors, discretedig-
ital elements, and structural dynamics to develop a very complete
approach to aid engineers in the developmentof appropriatecontrol
laws and vehicle con� gurations.

To translate conceptual control into real or actual control, the dy-
namic inversionforces and moments must be mapped into demands
on engine and aerodynamic control surfaces. The development of
such methods with due regard to motivator redundancy, blending
between hover and forward � ight, robustness to gusts and aero-
dynamic coef� cient uncertainties, and actuator limits continues to
receive much research attention. The new algorithms have a useful
role in resolving the � rst two of these issues because they make use
of both aerodynamic and thrust vector control to achieve a single
response.
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I. Introduction

E NGINEERS encounter the robust control problems with re-
spect to structured mixed (real and complex) uncertainty in

many practical applications. Such a concept of mixed uncertainty
provides control engineers with a more proper description and less
conservative design than the general uncertain systems. Unfortu-
nately, the computation of structure singular value with respect to
mixed perturbation sets is very complex and known to be nonpoly-
nomial (NP) hard.1 As a result, the mixed ¹-synthesis becomes a
more challenging problem.

There are two representative approaches, D; G-K iteration and
¹-K iteration,2;3 to mixed ¹-synthesis. Although a few successful
designs have been presented, the practical use of D; G-K iteration
is obstructed by the need for � tting purely complex scalings with
high-order, all-pass transfer functions,as well as the need for � tting
in phase and in magnitude. In comparison with D; G-K iteration,
the advantageof ¹-K iteration is that one needs to � t in magnitude
only; however, the disadvantage is that one needs to compute not
only the mixed but also the correspondingcomplex ¹ upper bounds
at each iteration. Therefore, the ¹-K iteration still is quite involved
and computationallydemanding.

A new approach, called the H2-based loop-shaping iteration,
has been proposed and successfully applied to H1-synthesis and
the complex ¹-synthesis.4;5 This H2-based mixed ¹-synthesis ap-
proach is totally different from the H1-based mixed ¹-synthesis
approaches (D; G-K iteration and ¹-K iteration). The mixed ¹-
controller is synthesized by performing a sequence of weighted H2

optimizations,not H1 optimizations;therefore,this approachis less
computationallydemanding. In addition,the algorithmis quite easy
to implement.

II. Reviews on ¹
Consider a generalized augmented plant P partitioned as

P D
µ

P11 P12

P21 P22

¶
(1)

To test for robustperformance,we � rst pull out the uncertainpertur-
bationsand rearrange the uncertainsystem into an N1-structure. N
is the lower linear fractional transformation of augmented plant P
closed by controller K , and M is the upper linear fractional trans-
formation of N closed by uncertainty 1:

N D Fl .P; K /

D P11 C P12 K .I ¡ P22 K /¡1 P21 (2)
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